Abstract. We show that there are infinitely many square numbers , which are constrocted by putting two square numbers together , that none of them are divisible by 10 . We also find out some special square numbers.
Introduction
It is easy to see that there are infinitely many square numbers which are constructed by putting two square numbers together. For example , 4 and 9 are two square numbers. By putting 4 and 9 together, we construct 49 which is another square number. For every k ∈ N , 49 × 10 2k is a square number which is constructed by putting 9×10 2k and 4 together , in which both 9×10 2k and 4 are square numbers. The question is that can we find infinitely many square numbers that none of them are divisible by 10 and all of them are constructed by putting two square numbers together? In this paper, we prove that not only we can find such numbers ,but also we can find infinitely many square numbers which are constructed by putting two square numbers together , none of them are divisible by 10 . We also prove that there are infinitely 2-tuples (c, d) that c and d are square numbers , each of them are constructed by putting two square numbers together , that none of them are divisible by 10 , and also c|d . finally, we prove that for each s ∈ N , there are infinitely square numbers , which are constructed by putting s zeros between two square numbers, none of them are divisible by 10.
1. square numbers of some special forms Theorem 1.1. There are infinitely many square numbers , which are constructed by putting two square numbers together, none of them are divisible by 10.
Proof. Frist, consider the following Diophantine equation on natural numbers:
Note that if there is α ∈ N, such that 10 2α || x 2 , also the number of digits of a 2 is 2α and 10 ∤ a, then z 2 is a square number which is constructed by putting two square numbers together , none of them are divisible by 10. Now, suppose that Z = x + n. For every α ∈ N, for both of the following cases, z 2 is a square number which is constructed by putting two square numbers together , none of them are divisible by 10.
(
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. Because a 2 < 10 2α and in both cases for each arbitrary α, we have respectively
Therefore, the number of digits of a 2 in both cases is 2α.
Theorem 1.2. There are infinitely many 2-tuples (c, d) that each c and d is constructed by putting two square numbers together that none of them are divisible by 10. Besides, c | d.
. Let x 0 = Proof. Suppose that r ≥ 2 is a natural number. Now let
Now we define
Therfore, it is clear that
Now, for each 1 ≤ k ≤ 3(r − 2) + 1, we define
. . is not necessarily constructed by putting two square numbers together, but we can say that it is constructed by putting one zero between two square numbers, none of them are divisible by 10. In the process of induction which we for obtaining a i s, the worst case for a 3 (the case in which the maximum number of dividing occurs but the minimum number of the elements of our chain reveals) is that the number of digits of a 2 3 is also one unit less than 2α. (Because in this case x 2 3 + a 2 3 is also a square number which is constructed by putting one zero between two square numbers, none of them are divisible by 10. Hence, this number cannot be a number of our chain, but if it does not happen for a is l r−2 in our chain. Generally, we should know that in the process of successive dividing, we obtain two number of our chain in the first dividing. For obtaining r − 2 other numbers of our chain, the worst case is as the following
• The number of digits of a 2 4 2 is necessarily one unit less than 2α.
• The number of digits of a 2 4 3 is one unit less than 2α.
• The number of digits of a 2 4 4 is necessarily two units less than 2α.
• The number of digits of a 2 4 5 is three units less than 2α.
• The number of digits of a 2 4 6 is three units less than 2α.
• The number of digits of a 2 4 7 is necessarily four units less than 2α. . . . Therefore, in general after getting l r−2 , we can obtain another number of our chain by at most three times dividing. Hence, for a chain with the length of r, after 4 3(r−2)+1 times of dividing, we can construct the chain completely.
Finally, the following Corollary can be concluded.
Corollary 1.5. Suppose that s ∈ N, then there are infinitely many square numbers which are constructed by putting s zeros between two square numbers, none of them are divisible by 10.
